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Abstract—Two classes of state estimation schemes, variational
(4DVar) and ensemble Kalman (EnKF), have been developed
and used extensively by the weather forecasting community as
tractable alternatives to the standard matrix-based Kalman update equations for the estimation of high-dimensional nonlinear
systems with possibly nongaussian PDFs. Variational schemes
iteratively minimize a finite-horizon cost function with respect to
the state estimate, using efficient vector-based gradient descent
methods, but fail to capture the moments of the PDF of this
estimate. Ensemble Kalman methods represent well the principal
moments of the PDF, accounting for the measurements with a
sequence of Kalman-like updates with the covariance of the PDF
approximated via the ensemble, but fail to provide a mechanism
to reinterpret past measurements in light of new data. In this
paper, we first introduce a tractable method for updating an
ensemble of estimates in a variational fashion, capturing correctly
both the estimate (via the ensemble mean) and the leading moments of its PDF (via the ensemble distribution). We then extend
this variational ensemble framework to facilitate its consistent
hybridization with the ensemble Kalman smoother. Finally, it is
shown (on a low-dimensional model problem) that the resulting
Hybrid (variational/Kalman) Ensemble Smoother (HEnS), which
inherits the tractable extensibility to high-dimensional systems
of the component methods upon which it is based, significantly
outperforms the existing 4DVar and EnKF approaches used
operationally today for high-dimensional state estimation.
Index Terms—state estimation, data assimilation, ensemble
Kalman, variational methods, smoothing

I. I NTRODUCTION

T

HE estimation and forecasting of chaotic, multiscale,
uncertain fluid systems is one of the most highly visible
grand challenge problems of our generation. Specifically, this
class of problems includes weather forecasting, climate forecasting, and flow control. The financial impact of a hurricane
passing through a major metropolitan center regularly exceeds
a billion dollars. Improved atmospheric forecasting techniques
provide early and accurate warnings, which are critical to
minimize the impact of such events. On longer time scales,
the estimation and forecasting of changes in ocean currents
and temperatures is essential for an improved understanding
of changes to the earth’s weather systems. On shorter time
scales, feedback control of fluid systems (for reasons such
as minimizing drag, maximizing harvested energy, etc.) in
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mechanical, aerospace, environmental, energy, and chemical
engineering settings lead to a variety of similar estimation
problems. While this paper makes no claims with regards to
addressing the particular details of any of these important applications, it does introduce a new Hybrid (variational/Kalman)
Ensemble Smoother (HEnS) for the estimation and forecasting
of such multiscale uncertain fluid systems that might well have
a transformational effect in all of these areas.
A. Historical developments
Much of the research today in state estimation (a.k.a. data
assimilation) for multiscale uncertain fluid systems is focused
on short- to medium-range weather forecasting. Towards this
end, the methods available for this class of problems have
matured greatly in the past 25 years. To set the stage, we
must first mention a few related developments.
The full, correct answer to the state estimation of nonlinear
systems with finite (and, thus, nongaussian) uncertainties dates
back to the late 1950s (see [1]). As described clearly on page
164 of [2], it combines two simple steps:
(i) between measurement updates, the full probability density
function (PDF) in phase space is propagated via the Kolmogorov forward equation (a.k.a. Fokker-Planck equation);
(ii) at measurement updates, the PDF is updated via application of Bayes’ theorem.
During step (i), the PDF stretches and diffuses; during step (ii),
the PDF is refocused. An efficient modern implementation of
this idea using a grid-based method, leveraging effectively the
fact that the PDF is usually nearly zero almost everywhere
in phase space, is given in [3]; unfortunately, such methods
are numerically intractable for systems with states of order
n & 10, even with modern supercomputing resources.
Particle filters (PF; see [4]) approximate the solution of such
Bayesian estimation strategies using a Lagrangian approach.
With such methods, a set of candidate state trajectories is
followed to track the evolution of the probability distribution in time, and associated with each particle is a weight,
which is modified via Bayes’ theorem at each measurement
update (while normalizing such that the weights always add to
one). Unfortunately, application of such updates for successive
measurements invariably leads to most weights being driven
towards zero as the algorithm proceeds, a phenomenon known
as degeneracy. To counter this tendency in order to maintain
adequate resolution of the significant (nonzero) portion of
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the PDF, resampling of the PDF with a new distribution
of particles (with equalized weights) is, from time to time,
required. A variety of such resampling algorithms have been
proposed. When using a large number of particles (necessary
when attempting to resolve a nongaussian PDF of the state
estimate), the sampling importance resampling algorithm proposed in [5] is commonly used. When using small number
of particles N (specifically, for N = 2n + 1, used when
considering a state estimate of order n with a Gaussian
PDF), an unscented transform (see [6], [7]) can be used
to resample while preserving exactly the covariance of the
original distribution. Unfortunately, PFs are also numerically
intractable in large-scale systems.
Kalman filters (see [8], [1], [9], [10], [11]) substantially
simplify the full state estimation problem in the common situation in which the random variables are all well approximated
by Gaussian PDFs. In this case, the PDF of a given random
variable, of order n, can be specified completely by keeping
track of its mean (of order n) and its covariance (of order
n2 ), which enormously simplifies the complexity of the state
estimation problem. With modern computational resources,
Kalman filters can thus be deployed for systems with states of
order up to n ∼ 1000. Note that Extended Kalman filters,
designed for nonlinear systems, are simply Kalman filters,
designed based on linearization of the nonlinear system about
the expected state trajectory, with the nonlinearity tacked back
on in the eleventh hour.
Traditional Kalman and extended Kalman filters were investigated by [12] for atmospheric applications, with nonlinear
high-dimensional systems of order n & 105 . These applications necessitate the computation of a reduced-rank approximation of the covariance matrix at the heart of the Kalman
filter in order to be computationally tractable. Such reducedrank approximations are known in the controls community as
Chandresarkhar’s method, and were introduced by [13].
B. Variational methods
Since the mid 1980s, the field of state estimation has
seen two revolutionary advancements: variational methods
and ensemble Kalman methods. Today, these two classes of
methods, in roughly equal proportion worldwide, are used
operationally for practical real-time atmospheric forecasting.
The first variational methods introduced were spatial (threedimensional) variational methods (3DVar; see [14] and [15]),
which provide an optimization framework that may be used
to fit a large-scale model to a “snapshot” in time of available
data. This was soon followed by the development of spatial/temporal (four-dimensional) variational methods (4DVar;
see [16] and [17]), in which this optimization framework is
extended to account for a time history of observations. This
4DVar framework has the effect of conditioning the resulting
estimate on all included data, in a manner consistent with the
Kalman Smoother (see [18], [19] and [20]).
Note that 4DVar was developed in parallel, and largely
independently, in the controls and weather forecasting communities. In the controls community, the technique is referred
to as Moving Horizon Estimation (MHE; see [21]). MHE was
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developed with low-dimensional ODE systems in mind; implementations of MHE typically search for a small time-varying
“state disturbance” or “model error” term in addition to the
initial state of the system in order reconcile the measurements
with the model over the period of interest. 4DVar, in contrast,
was developed with high-fidelity (that is, high-dimensional)
discretizations of infinite-dimensional (PDE) systems in mind;
in order to maintain numerical tractability, implementations of
4DVar typically do not search for such a time-varying model
error term. Both 4DVar and MHE suffer from the fact that they
only provide an updated mean trajectory, and not any updated
higher-moment statistics. However, during the minimization
process, it is possible to build up an approximation to the
cost function Hessian. For convex variational problems, this
Hessian is directly related to the inverse of the updated
covariance matrix. Several of these methods are outlined in
[22] and include the randomization method (which uses the
statistics of perturbed gradients), the Lanczos method (which
exploits the coupling between Lanczos vectors and conjugate
gradient directions), and the BFGS method (which explicitly
builds up the Hessian during minimization). All three of these
methods fail to provide an effective means for propagating the
updated statistics forward in time, and thus are not typically
tractable for variational schemes that cycle over multiple,
successive windows.
Another technique that has been introduced to accelerate
MHE/4DVar implementations is multiple shooting (see [23]).
With this technique, the horizon of interest is split into two
or more subintervals. The initial conditions (and, in some
cases, the time-varying model error term) for each subinterval
are first initialized and optimized independently; these several
independent solutions are then adjusted so that the trajectories
coincide at the matching points between the subintervals.
C. Ensemble Kalman methods
The more recent development of the Ensemble Kalman
Filter (EnKF) (see [24], [25], [26], [27]) has focused much attention on an important refinement of the (sequential) Kalman
method in which the estimation statistics are intrinsically represented via the distribution of a cluster or “ensemble” of state
estimates in phase space, akin to the particle filters mentioned
previously but without separate weights for each ensemble
member. As with particle filters, the simultaneous simulation
of several perturbed trajectories of the state estimate eliminates
the need to propagate the state covariance matrix along with
the estimate as required by traditional Kalman and extended
Kalman approaches. Instead, this covariance information is
approximated based on the spread of the ensemble members
(with equal weights) in order to compute Kalman-like updates
to the position of each ensemble member1 at the measurement
times (for further discussion, see §II-C).
Since its introduction, the EnKF has spawned many variations and modifications that seek to improve both its performance and its numerical tractability. For example, Kalman
square-root filters update the analysis only once, in a manner
1 That is, rather than updating individual weights for each member separately, as done at in particle filters.
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different than the traditional perturbed observation method.
Some square-root filters introduced include the ensemble adjustment filter of [28], the ensemble transform filter of [29],
and the ensemble square-root filter of [30]. Work has also
been done (see [31]) to further relax the linear Gaussian
assumptions with regards to the interpolation between the
observation and the background statistics.
Another essential advancement in the implementation of
the EnKF is the idea of covariance localization, as discussed
in [32] and [33]. With covariance localization, spurious correlations of the uncertainty covariance over large distances
are reduced in an ad hoc fashion in order to improve the
overall performance of the estimation algorithm. This adjustment is motivated by the rank-deficiency of the ensemble
approximation of the covariance matrix, and facilitates parallel
implementation of the resulting algorithm.
The Ensemble Kalman Smoother (EnKS) [34] is the analogous ensemble extension of the standard Kalman Smoother.
With the EnKS, updates are performed on past estimates
based on future observations in a manner similar to the EnKF.
With the EnKS, the smoothed updates are a function of time
correlations between two ensemble estimates at the appropriate
times. Although each individual update is tractable, it becomes
infeasible to update entire trajectories after each new observation; as a result, a fixed-lag or fixed-point EnKS is traditionally
used in lieu of a full smoother. Another smoother in this class,
the Ensemble Smoother (ES; see [35]), uses ensemble statistics
to calculate a variance minimizing estimate, but in practice,
for nonlinear systems, performs poorly even when compared
to the standard EnKF.
For nonlinear systems, the ensemble Kalman framework is
suboptimal due to its reliance on a Kalman-like measurement
update formula, which is predicated on a Gaussian distribution
of the estimate uncertainty. The more general Particle Filter
(PF) method described in §I-A, in contrast, is a full Bayesian
approach, with the PDF approximated in a Largrangian fashion
akin to the ensemble Kalman framework. The Particle Kalman
Filter (PKF) method proposed by [36], which attempts to
combine the PF and EnKF approaches in order to inherit the
nongaussian uncertainty characterization of the PF method and
the numerical tractability of the EnKF method, appears to be
promising; this method could potentially benefit from further
hybridization with a variational approach, as proposed below.
D. Hybrid methods
The two modern schools of thought in large-scale state estimation for multiscale uncertain systems [namely, space/time
variational methods (§I-B) and ensemble Kalman methods
(§I-C)] have, for the most part, remained independent, despite
their similar theoretical backgrounds. The weather forecasting
community has made considerable efforts to compare and
contrast both the performance and the theoretical foundation of
these two methods (see, e.g., [37], [38], [39], and [40]). While
these comparisons are enlightening, it is quite possible that the
optimal method for many large-scale state estimation problems
cases may well be a hybridization of the two frameworks, as
suggested by [40]. We have identified three recent attempts at
such hybridization:
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1) the 3DVar/EnKF method of [41],
2) the 4DEnKF method of [42], and
3) the E4DVar method of [43].
The 3DVar/EnKF algorithm introduced by [41] utilizes the
ensemble framework to propagate the estimate statistics in a
nonlinear setting, but does not exploit the temporal smoothing
characteristics of the 4DVar algorithm. The 4DEnKF (4D
Ensemble Kalman Filter) introduced by [42] provides a means
for assimilating past (and non-uniform) observations in a
sequential framework, but does not intrinsically smooth the resulting estimate or fully implement the 4DVar framework. The
E4DVar (Ensemble 4DVar) method discussed by [43], which
is the closest existing method to the hybrid smoother proposed
here, runs a 4DVar and EnKF in parallel, sequentially shifting
the mean of the ensemble based on the 4DVar result and
providing the background term of the 4DVar algorithm based
on the EnKF result; however, this method does not attempt a
tighter coupling of the ensemble and variational approaches
by using an Ensemble Kalman Smoother to initialize better
(and, thus, accelerate) the variational iteration.
The three attempts at hybridization discussed above struggle
with the inability of traditional variational iterations to update
correctly the statistics of the PDF (covariance, etc.). This is
crucial for a consistent2 hybrid method, thus motivating the
precise formulation of ensemble variation methods in §III
below. The VAE (Variational Assimilation Ensemble) method
of [44] runs a half-dozen perturbed decoupled 4DVar or
3DFgat3 assimilations in parallel to estimate error covariances,
and is the closest existing method we have found in the
literature to a true ensemble-variation method. However, to
the best of our knowledge, the current paper lays out the
first complete mathematical foundation for a pure variational
method that provides consistent, updated ensemble statistics
upon algorithm convergence.
We can now classify the full taxonomy of ensemble-based
methods (see Figure 1). Until now, these methods have been
split into two distinct families: ensemble variation methods
(suggested previously, but described formally for perhaps the
first time in §III) and the well-known ensemble Kalman
methods. Each family consists of filter variants (En3DVar and
EnKF) and smoother variants (En4DVar and EnKS).
The proposed new algorithm, the Hybrid Ensemble Smoother (HEnS), is a consistent4 and tightly-coupled hybrid of
these two types of ensemble smoothers. HEnS uses the EnKS
to precondition an appropriately defined En4DVar iteration.
Essentially, the EnKS solution is used as a good initial
condition for the ensemble variation problem, which in turn
improves upon this smoothed estimate in a manner that would
have been impossible using either method independently. In
2 The word “consistent” is used in a precise fashion in this paper to mean
an estimation method that reduces to exactly the Kalman filter in the case that
the system happens to be linear, the disturbances happen to be Gaussian, and
(in the case of an ensemble-based method) a sufficient number of ensemble
members is used.
3 That is, 3D First Guess at the Appropriate Time (3DFgat), an intermediate
variational method with complexity somewhere between that of 3DVar and
4DVar [see [45]].
4 Again, meaning that it reduces to exactly the Kalman filter under the
appropriate assumptions.
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and as Moving Horizon Estimation (MHE) in the controls
community. These methods are thus first reviewed briefly in a
fairly standard form. Without loss of generality, the dynamic
model used to introduce these methods is a continuous-time
nonlinear ODE system with discrete-time measurements:

Ensemble Kalman Methods

dx(t)
= f (x(t), w(t)),
dt
yk = Hx(tk ) + vk ,

(1a)
(1b)

where the measurement noise vk is a zero-mean, white,
discrete-time random process with auto-correlation
En3DVar

En4DVar

EnKS

EnKF

HEnS
Fig. 1. Ensemble-based methods can be classified into two distinct families.
Ensemble Variation Methods (§III) are vector-based methods that iteratively
minimize an appropriately-defined cost function to produce either a filtered
(En3DVar) or a smoothed (En4DVar) estimate. Ensemble Kalman Methods
(§II) use the ensemble statistics to approximate the full (but computationally intractable) matrix-based Kalman updates. The new Hybrid Ensemble
Smoother (HEnS) is a consistent hybrid of the smoother variants of these two
methods, a described in §IV.

earlier work done by our group (see [46]), the 4DVar/MHE
framework was inverted, promoting retrograde time marches
(that is, marching the state estimate backward in time and
the corresponding adjoint forward in time), which facilitated
an adaptive (i.e., multiscale-in-time) receding-horizon optimization framework, dubbed EnVE (Ensemble Variational
Estimation). Though the motivation behind this original work
was sound, performance suffered, in part as a result of the
inability of the variational formulation used to update correctly
the higher-moment statistics of the ensemble; the present
formulation corrects this significant shortcoming associated
with the EnVE formulation.
Section II reviews the general forms of both the ensemble Kalman methods and the traditional variational methods. Section III describes the theoretical foundations for the
ensemble variation methods, and identifies their relationship
with the well-known KF and KS results. Building upon this,
Section IV describes the new hybrid smoother, HEnS, in
detail. Finally, Section V contains a comparative example,
performed on the low-dimensional chaotic Lorenz system,
showing the performance of the various methods in a timeaveraged setting. Two follow-up papers are planned which will
detail the implementation of the HEnS algorithm on 1D, 2D,
and 3D chaotic PDE systems, and introduce a unique adaptive
observation algorithm which builds directly upon the hybrid
framework discussed here.
II. T HEORETICAL BACKGROUND
A. Notation
As described above, the Hybrid Ensemble Smoother (HEnS)
is a consistent data assimilation method that combines the key
ideas of the sequential Ensemble Kalman Smoother (EnKS)
and an ensemble variant of the batch (in time) variational
method known as 4DVar in the weather forecasting community

Rv (j; k) = E{ vk+j vkT } = Rδj0 ,

(2)

with covariance R > 0, and the state disturbance w(t) is a
zero-mean, “nearly”-white5 continuous-time random process
with auto-correlation
Rw (τ ; t) = E{ w(t + τ ) wT (t) } = Qδ σ (τ ),
2
2
1
where δ σ (τ ) = √ e−τ /(2σ ) ,
σ 2π

(3a)
(3b)

with spectral density Q ≥ 0 and time correlation σ such that
0 < σ  1. Is also assumed that w(t) and vk are uncorrelated.
The noisy measurements yk are assumed to be taken at time
tk = k∆t for a fixed sample period ∆t. For the purpose of
analysis, these observations are assumed available for a long
history into the past, up to and including the present time of
the system being estimated, which is often renormalized to
be t = tK = T . It is useful to think of tK as the time of
the most recent available measurement, so, accordingly, this
measurement will be denoted yK at the beginning of each
analysis step. This sets the basis for the indexing notation
used in this paper: k = K represents the index of the most
recent measurement, 1 ≤ k ≤ K is the set of indices of all
available measurements, and k > K indexes observations that
are yet to be taken. Continuous-time trajectories, such as x(t)
(the “truth” model), are defined for all time, but are frequently
referenced at the observation times only. Hence, the following
notation is used:
x(k∆t) = x(tk ) = xk .

(4)

B. Uncertainty Propagation in Chaotic Systems
Estimation, in general, involves the determination of a
probability distribution. This probability distribution describes
the likelihood that any particular point in phase space matches
the truth model. That is, without knowing the actual state
of a system, estimation strategies attempt to represent the
probability of any given state using only a time history of noisy
observations of a subset of the system and an approximate
dynamic model of the system of interest. Given this statistical
distribution, estimates can be inferred about the “most likely”
state of the system, and how much confidence should be
placed in that estimate. Unfortunately, in this most general
form, the estimation problem is intractable in most systems.
However, given certain justifiable assumptions about the nature
5 The case for infinitesimal σ is sometimes referred to as “continuous-time
white noise”, but presents certain technical difficulties [47].
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of the model and its associated disturbances, simplifications
can be applied with regards to how the probability distributions
are modeled. Specifically, in linear systems with Gaussian
uncertainty of the initial state, Gaussian state disturbances,
and Gaussian measurement noise, it can be shown that the
probability distribution of the optimal estimate is itself Gaussian [see, e.g., [48]]. Consequently, the entire distribution of
the estimate in phase space can be represented exactly by its
mean x̄ and its second moment about the mean (that is, its
covariance), P , where


(5)
P = E (x − x̄)(x − x̄)T .
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This is the essential piece of theory that leads to the traditional
Kalman Filter (KF; see [9] and [10]).
Sequential data assimilation methods provide a method to
propagate the mean x̄ and covariance P forward in time,
making the appropriate updates to both upon the receipt of
each new measurement. Under the assumption of a linear
system and white (or, in continuous time, “nearly” white)
Gaussian state disturbances and measurement noise, the uncertainty distribution of the optimal estimate is itself Gaussian,
and thus is completely described by the mean estimate x̄ and
the covariance P propagated by the Kalman formulation. It
is useful to think of these quantities, at any given time tk , as
being conditioned on a subset of the available measurements.
The notation x̄k|j represents the mean estimate at time tk
given measurements up to and including time tj . Similarly,
Pk|j represents the corresponding covariance of this estimate.
In particular, x̄k|k−1 and Pk|k−1 are often called the prediction
estimate and prediction covariance, whereas x̄k|k and Pk|k are
often called the current estimate and the current covariance.
Note that x̄k|k+K , for some K > 0, is often called a smoothed
estimate, and may be obtained in the sequential setting by a
Kalman smoother [see, [19] and [48]].
As mentioned previously, for nonlinear systems with relatively small uncertainties, a common variation on the KF
known as the Extended Kalman Filter (EKF) has been developed in which the mean and covariance are propagated,
to first-order accuracy, about a linearized trajectory of the
full system. Essentially, if a Taylor-series expansion for the
nonlinear evolution of the covariance is considered, and all
terms higher than quadratic are dropped, what is left is the differential Riccati equation associated with the EKF covariance
propagation. Though this approach gives acceptable estimation
performance for nonlinear systems when uncertainties are
small as compared to the fluctuations of the state itself,
EKF estimators often diverge when uncertainties are more
substantial, and other techniques are needed.
At its core, the linear thinking associated with the uncertainty propagation in the KF and EKF breaks down in
chaotic systems. Chaotic systems are characterized by stable
manifolds or “attractors” in n-dimensional phase space. Such
attractors are fractional-dimensional subsets (a.k.a. “fractal”
subsets) of the entire phase space. Trajectories of chaotic
systems are stable with respect to the attractor in the sense
that initial conditions off the attractor converge exponentially
to the attractor, and trajectories on the attractor remain on
the attractor. On the attractor, however, trajectories of chaotic
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Fig. 2. Non-Gaussian uncertainty propagation in the Lorenz system. The
black point in the center shows a typical point located in a sensitive area of this
chaotic system’s attractor in phase space, representing a current estimate of
the state. The thick black line represents the evolution in time of the trajectory
from this estimate. If the uncertainty of the estimate is modeled as a very small
cloud of points, centered at the original estimate with an initially Gaussian
distribution, then the additional magenta lines show the evolution of each of
these perturbed points in time. A Gaussian model of the resulting distribution
of points is, clearly, completely invalid.

systems are characterized by an exponential divergence–along
the attractor–of slightly perturbed trajectories. That is, two
points infinitesimally close on the attractor at one time will
diverge exponentially from one another as the system evolves
until they are effectively uncorrelated.
Just as an individual trajectories diverge along the attractor,
so does the uncertainty associated with them. This uncertainty diverges in a highly non-Gaussian fashion when such
uncertainties are not infinitesimal (see Figure 2). Estimation
techniques that attempt to propagate probability distributions
under linear, Gaussian assumptions fail to capture the true
uncertainty of the estimate in such settings, and thus improved
estimation techniques are required. The Ensemble Kalman Filter, in contrast, accounts properly for the nonlinearities of the
chaotic system when propagating estimator uncertainty. This
idea is a central component of the hybrid ensemble/variational
method proposed in the present work, and is thus reviewed
next.
C. Ensemble Kalman Filtering
The Ensemble Kalman Filter (EnKF) is a sequential data
assimilation method useful for nonlinear multiscale systems
with substantial uncertainties. In practice, it has been shown
repeatedly to provide significantly improved state estimates in
systems for which the traditional EKF breaks down. Unlike
in the KF and EKF, the statistics of the estimation error in
the EnKF are not propagated via a covariance matrix, but
rather are approximated implicitly via the appropriate nonlinear propagation of several perturbed trajectories (“ensemble
members”) centered about the ensemble mean, as illustrated
in Figure 2. The collection of these ensemble members (itself called the “ensemble”), propagates the statistics of the
estimation error exactly in the limit of an infinite number of
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ensemble members. Realistic approximations arise when the
number of ensemble members, N , is (necessarily) finite. Even
with a finite ensemble, the propagation of the statistics is still
consistent with the nonlinear nature of the model. Conversely,
the EKF propagates only the lowest-order components of the
second-moment statistics about some assumed trajectory of the
system. This difference is a primary strength of the EnKF.
In practice, the ensemble members x̂j in the EnKF are
initialized with some known statistics about an initial mean
estimate x̄. The ensemble members are propagated forward
in time using the fully nonlinear model equation (1a), incorporating random forcing wj (t) with statistics consistent with
those of the actual state disturbances w(t) [see (3)]:
dx̂j (t)
= f (x̂j (t), wj (t)).
(6)
dt
At the time tk (for integer k), an observation yk is taken
[see (1b)]. Each ensemble member is updated using this
observation, incorporating random forcing vkj with statistics
consistent with those of the actual measurement noise, vk [see
(2)]:
djk = yk + vkj .

(7)

Given this perturbed observation djk , each ensemble member
is updated in a manner consistent6 with the KF and EKF:
e
e
x̂jk|k = x̂jk|k−1 +Pk|k−1
H T (HPk|k−1
H T +R)−1 (djk −H x̂jk|k−1 ), (8)

Unlike the EKF, in which the entire covariance matrix P is
propagated using the appropriate Riccati equation, the EnKF
estimate covariance P e is computed “on the fly” using the
second moment of the ensembles from the ensemble mean:
b (δ X)
b T


(δ X)
b = δx̂1 δx̂2 · · · δx̂N ,
, where δ X
Pe =
N −1
1 X j
j
x̂ ,
(9)
δx̂ = x̂j − x̄, and x̄ =
N j
where N is the number of ensemble members, and the time
subscripts have been dropped for notational clarity7 .
Thus, like the KF and EKF, the EnKF is propagated with
a forecast step (6) and an update step (8). The ensemble
members x̂j (t) are propagated forward in time using the
system equations [with state disturbances wj (t)] until a new
measurement yk is obtained, then each ensemble member
x̂j (tk ) = x̂jk is updated to include this new information
[with measurement noise vkj ]. The covariance matrix is not
propagated explicitly, as its evolution is implicitly represented
by the evolution of the ensemble itself.
It is convenient to think of the various estimates during
such a data assimilation procedure in terms of the set of
measurements that have been included to obtain that estimate.
6 Note that some authors (see, e.g., [27]) prefer to replace R in (8) with
Re , where

Re =

(Vk ) (Vk )T
N −1



and Vk = vk1

vk2

···



vkN .

Our current research has not revealed any clear advantage for using this more
computationally expensive form.
7 Note also that the factor N − 1 (instead of N ) is used in (9) to obtain an
unbiased estimate of the covariance matrix [see [47]].
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Just as it is possible to propagate the ensemble members
forward in time accounting for new measurements, ensemble
members can also be propagated backward in time, either
retaining the effect of each measurement or subtracting this
information back off. In the case of a linear system, the former
approach is equivalent to the Kalman smoother, while the later
approach simply retraces the forward march of the Kalman
filter backward in time. In order to make this distinction clear,
bj|k will represent the estimate ensemble at time
the notation X
tj given measurements up to and including time tk . Similarly,
x̄j|k will represent the corresponding ensemble mean; that
is, the average of the ensemble and the “highest-likelihood”
estimate of the system.
While the EnKF significantly outperforms the more traditional EKF for chaotic systems, further approximations need to
be made for multiscale systems such as atmospheric models.
When assimilating data for 3D PDEs, the discretized state dimension n is many orders of magnitude larger than the number
of ensemble members N that is computationally feasible (i.e.,
N  n). The consequences of this are twofold. First, the
ensemble covariance matrix P e is guaranteed to be singular,
which can lead to difficulty when trying to solve linear systems
constructed with this matrix. Second, this singularity combined
with an insufficient statistical sample size produces directions
in phase space in which no information is gained through the
assimilation. This leads to spurious correlations in the covariance that would cause improper updates across the domain
of the system. This problem can be significantly diminished
via the ad hoc method of “covariance localization” mentioned
previously, which artificially suppresses these spurious correlations using a distance-dependent damping function.
D. Ensemble Kalman Smoother (EnKS)
The Ensemble Kalman Smoother (EnKS) is built upon
the theoretical foundations of the EnKF. The key difference
lies in its ability to update past estimates based on future
observations. Thus, we end up with smoothed estimates x̂jp|k ,
where p is not necessarily less than k. Given a new observation
yk at time tk and forecasted ensemble x̂jk|k−1 at that time,
the smoothed estimate x̂jp|k is given by the following update
equation:
e
e
x̂jp|k = x̂jp|k−1 +Sk−1
H T (HPk|k−1
H T +R)−1 (djk −H x̂jk|k−1 ), (10a)

e
where Sk−1
is the time covariance matrix between the estimate
at the observation time tk and the estimate at the smoothing
time tp , which is given by
e
Sk−1
=

b
b
(δ X
) (δ X
)T
p|k−1
k|k−1
,
N −1

(10b)

b given in (9). Note that, when
with the definitions for δ X
e
tp = tk , the time covariance matrix Sk−1
reduces to the
e
standard covariance matrix Pk|k−1 , and thus the EnKS update
(10a) reduces appropriately to the standard EnKF update (8).
This highlights an important property of the EnKS: even for
highly chaotic, nonlinear systems, the EnKS provides the same
estimate at the most recent measurement as the EnKF (in the
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limit of an infinite number of ensemble members). This result
is expected in the linear setting, but is a major shortcoming
of the EnKS when applied to the typical nonlinear systems.
This shortcoming is rectified by the hybrid method presented
in Section IV.
E. Variational Methods
For high-dimensional systems in which matrix-based methods are computationally infeasible, vector-based variational
methods are preferred for data assimilation. 3DVar is a vectorbased equivalent to the KF. In both 3DVar and KF, the cost
function being minimized is a (quadratic) weighted combination of the uncertainty in the background term and the
uncertainty in the new measurement. If the system is linear,
the optimal update to the state estimate can be found analytically, though this solution requires matrix-based arithmetic
(specifically, the propagation of a Riccati equation), and is the
origin of the optimal update gain matrix for the KF. When this
matrix is too large for direct computation, a local gradient can
instead be found using vector-based arithmetic only; 3DVar
uses this local gradient information to determine the optimal
update iteratively.
Similarly, 4DVar is the vector-based equivalent to the
Kalman Smoother. In 4DVar, a finite time window (or “batch
process”) of a history of measurements is analyzed together to
improve the estimate of the system at one edge of this window
(and, thus, the corresponding trajectory of the estimate over the
entire window). Unlike sequential methods, a smoother uses
all available data over this finite time window to optimize the
estimates of the system. This has the consequence of refining
past estimates of the system based on future measurements,
whereas with sequential methods any given estimate is only
conditioned on previous observations.
For analysis, let the variational window be defined on
t ∈ ( 0, T ]. Additionally, let there be K measurements in this
interval, with measurement indices given by the set
M = { k | tk ∈ ( 0, T ] } ⇒ M = { 1 , 2 , · · · , K }.
(11)
Without loss of generality, it will be assumed that there are
measurements at the right edge of the window (at tK = T ),
but not at the left (at t0 = 0). Then, the cost function J(u)
that 4DVar minimizes (with respect to u) is defined as follows:
1
−1
J(u) = ( u − x̄0|0 )T P0|0
( u − x̄0|0 )+
2
K
T

1 X
yk − H x̃k R−1 yk − H x̃k ,
2

(12)

k=1

where the optimization variable u is the initial condition on
the refined state estimate x̃ on the interval t ∈ ( 0, T ]; that is,
dx̃(t)
= f (x̃(t), 0),
dt
x̃0 = u.

(13a)
(13b)

The first term in the cost function (12), known as the
“background” term, summarizes the fit of u with the current
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probability distribution before the optimization (i.e., the effect
of all past measurement updates). Like with the KF, x̄0|0 is the
estimate at time t0 not including any of the new measurements
in the window, and the covariance P0|0 quantifies the second
moment of the uncertainty in that estimate. Assuming an
apriori Gaussian probability distribution of this uncertainty,
the background mean and covariance exactly describe this
distribution. The second term in the cost function (12) summarizes the misfit between the estimated system trajectory
and the observations within the variational window. Thus, the
solution u to this optimization problem is the estimate that
best “fits” the observations over the variational window while
also accounting for the existing information from observations
prior to the variational window.
In practice, a 4DVar iteration is usually initialized with the
background mean, u = x̄0|0 . Given this initial guess for u, the
trajectory x̃(t) may be found using the full nonlinear equations
for the system (13). To find the gradient of the cost function
(12), consider a small perturbation of the optimization variable,
u ← u + u0 , and the resulting perturbed trajectory, x̃(t) ←
x̃(t) + x̃0 (t), and perturbed cost function, J(u) ← J(u) +
J 0 (u0 ). The local gradient of (12), ∇J(u), is defined here
as the sensitivity of the perturbed cost function J 0 (u0 ) to the
perturbed optimization variable u0 :

T
J 0 (u0 ) = ∇J(u) u0 .
(14)
The derivation included in the Appendix illustrates how to
write J 0 (u0 ) in this simple form, leveraging the definition of
an appropriate adjoint field r(t) on t ∈ ( 0, T ], providing the
following gradient:
−1
∇J(u) = P0|0
( u − x̄0|0 ) − r0 .

(15)

The resulting gradient can then be used iteratively to update
the current estimate via a suitable minimization algorithm
(steepest descent, conjugate gradient, limited-memory BFGS,
etc.).
Being vector based makes 4DVar well suited for multiscale
problems, and as a result is currently used extensively by
the weather forecasting community. However, it has several
key disadvantages. Most significantly, upon convergence, the
algorithm provides an updated mean estimate x̄0|K , but provides no clear formula for computing the updated estimate
−1
uncertainty covariance or its inverse, P0|K
. That is, the statistical distribution of the estimate probability is not contained in
the output of a traditional 4DVar algorithm. It can be shown
that, upon full convergence for a linear system, the resulting
analysis covariance P0|K is simply the Hessian of the original
cost function (12) [see, e.g., [49]]. However, this is merely an
analytical curiosity; computing the analysis covariance in this
fashion requires as much matrix algebra as would be required
to propagate a sequential filter through the entire variational
window, defeating the purpose of the vector-based method.
Additionally, as posed above, the width of the variational
window is fixed in the traditional 4DVar formulation. Thus,
the cost function and associated n-dimensional minimization
surface are also constant throughout the iterations. For nonlinear systems, especially chaotic systems, this makes traditional
4DVar extremely sensitive to initial conditions. Because of
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the chaotic nature of these systems, the optimization surface,
especially if T is large, is highly irregular and nonconvex (that
is, fraught with local minima). The gradient-based algorithms
associated with 4DVar are only guaranteed to converge to local
minima. Thus, if the initial background estimate is located
in the region of attraction of one of these local minima, the
solution of the 4DVar algorithm will tend to converge to a
suboptimal estimate.
III. E NSEMBLE VARIATION M ETHODS
As pointed out in Section II-E, one of the major weaknesses of the standard variational assimilation schemes is
the inability of these methods to update the higher moment
estimate statistics. Given both a background mean and covariance, 3DVar and 4DVar simply return an updated mean;
the corresponding updated covariance has thus far only been
found via computationally involved Hessian analysis [49] or
schemes coupled with a Kalman-like covariance propagation
[43]. Here, we lay out the mathematical foundations for a
consistent class of variational methods that, much like the
Ensemble Kalman methods, use a finite cloud of points to
represent implicitly both the background and analysis estimate
statistics. Unlike the Ensemble Kalman methods, this new
class of Ensemble Variation methods uses an ensemble of
variational problems to solve iteratively the complete data
assimilation via the minimization of an appropriately defined
cost function. It is shown that, under the standard assumptions
of linear dynamics and Gaussian noise and disturbances, these
Ensemble Variation methods reduce to the well-known optimal
results of the standard Kalman Filter and Kalman Smoother.

e
, each
the covariance matrix which they approximate, Pk|k−1
Jj can be minimized independently, creating an optimization
problem that is trivial to parallelize on modern high performance computing hardware. Similar to traditional 3DVar,
each component cost function is minimized by finding the
local gradient and then using a suitable descent algorithm;
again, these component-wise minimizations are completely
decoupled from one ensemble member to the next.
In summary, En3DVar is performed at a given time tk by
assimilating an ensemble of 3DVar problems, one for each
ensemble member. Each individual component 3DVar problem
is uniquely characterized by its own perturbed background
state x̂jk|k−1 and its own perturbed measurement djk . The
component cost functions are coupled through the background
e
ensemble covariance matrix Pk|k−1
, the measurement noise
covariance matrix R, and the original, unperturbed (but still
noisy) measurement yk . It is shown in the following section
that the unique solution to this problem (in the limit as
N → ∞) is a new ensemble with corresponding sample
statistics (mean and covariance) that are consistent with the
well-known optimal Kalman results.
Theorem 1 (Equivalence of En3DVar to the Kalman Filter):
In the limit of an infinite number of ensemble members (i.e.,
N → ∞), the En3DVar problem defined above converges to
the equivalent Kalman filter solution.
Proof: Because each component cost function is minimized independently, we will examine the unique solution of
just one for the purpose of this proof. Note that (16) is convex
in uj . The gradient of the j th component cost function with
respect to the initial state uj is given by
e
∇Jj = (Pk|k−1
)−1 (uj − x̂jk|k−1 )

A. Ensemble 3D Variational Assimilation (En3DVar)
Given a measurement yk at time tk , we will represent our
estimate statistics with a finite ensemble of N members such
that the sample mean and sample covariance are consistent (in
the limit as N → ∞) with the (assumed) known background
mean and covariance. Thus, we have a collection of ensemble members x̂jk|k−1 conditioned on all prior observations
e
{ yp | p < k } that build a sample covariance given by Pk|k−1
.
With this, we can define an En3DVar component cost function
for each ensemble member as:
1
e
Jj (uj ) = (uj − x̂jk|k−1 )T (Pk|k−1
)−1 (uj − x̂jk|k−1 )
2
1
+ (djk − Huj )T R−1 (djk − Huj ),
(16)
2
where the control variable uj for each ensemble member is (at
the minimum) the updated estimate x̂jk|k , now conditioned on
the new measurement yk . As with the EnKF and EnKS, each
ensemble member is assimilated with additional noise added
onto the (already noisy) measurement, i.e.,
djk = yk + vkj .
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− H T R−1 (djk − Huj ).

(18)

Typically, the cost function is minimized iteratively via a
gradient descent method, but for the purpose of analysis here,
we can find the minimum directly by setting the ∇Jj = 0 and
solving for the updated estimate uj = x̂jk|k at the minimum:
e
0 = (Pk|k−1
)−1 (x̂jk|k − x̂jk|k−1 )

− H T R−1 (djk − H x̂jk|k )

(19a)

e
0 = (Pk|k−1
)−1 (x̂jk|k − x̂jk|k−1 )

+ H T R−1 H (x̂jk|k − x̂jk|k−1 )
− H T R−1 (djk − H x̂jk|k−1 )

(19b)

(x̂jk|k − x̂jk|k−1 ) =
 e
−1 T −1 j
(Pk|k−1 )−1 + H T R−1 H
H R (dk − H x̂jk|k−1 )
(19c)

(17)

The total cost function J is given as the sum of the component cost functions Jj for each ensemble member j. Because
the component cost functions are only coupled through the
specified (and fixed) background ensemble members x̂jk|k and

Assuming that all inverses indicated exist, the identity
 e
−1 T −1
(Pk|k−1 )−1 + H T R−1 H
H R

−1
e
e
= Pk|k−1
H T H Pk|k−1
HT + R
(19d)
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can be substituted into (19c) to get the form
j

j

x̂k|k = x̂k|k−1 +

−1 j
e
e
HT + R
(dk − H x̂jk|k−1 ), (20a)
H T H Pk|k−1
Pk|k−1

−1
e
e
HT + R
,
(20b)
H T H Pk|k−1
K ≡ Pk|k−1
x̂jk|k = x̂jk|k−1 + K (djk − H x̂jk|k−1 ).

(20c)
th

Recall that (20c) is the unique solution for the j ensemble
member. Thus, we can think of the ensemble of solutions x̂jk|k
as a random variable that is itself conditioned on two other
random variables, x̂jk|k−1 and djk . Note that the gain matrix K
is identical to that of the Kalman Filter. To see the rest of the
equivalence with the Kalman Filter, we take the sample mean
of the result.
N
1 X j
x̄k|k =
x̂
N j=1 k|k
 X

N
N
N
1 X j
1
1 X j
j
d −H
=
x̂
+K
x̂
N j=1 k|k−1
N j=1 k
N j=1 k|k−1
= x̄k|k−1 + K ( yk − H x̄k|k−1 )

(21)

Although we obtain the Kalman update (21) for the estimate mean by using En3DVar, it is important to note that
the traditional 3DVar algorithm (involving only an iterative
update of the mean) would also have provided us with this
result. The real strength of En3Dvar lies in its ability to also
implicitly update the estimate covariance, something that was
not possible with traditional 3DVar. To see this equivalence,
we take the sample covariance of the updated ensemble x̂jk|k ,
N

e
Pk|k
=

1 X j
( x̂ − x̄k|k ) ( x̂jk|k − x̄k|k )T .
N − 1 j=1 k|k

(22a)

Substituting in the definitions of x̂jk|k from (20c) and x̄k|k from
(21) and simplifying, we get
e
e
Pk|k
= (I − KH) Pk|k−1
(I − KH)T + K Re K T + Φ + ΦT ,
N 
1 X
Φ =
( I − K H ) ( x̂jk|k−1 − x̄k|k−1 )
N − 1 j=1

· ( djk − yk )T K T .
(22b)

The final terms Φ + ΦT in (22b) arise from spurious correlations between the background error and the measurement
noise. In a similar manner to the EnKF, as the number
of ensembles increase, these terms disappear, leaving the
expected Kalman Filter covariance update equation, i.e.,
lim Φ = 0,

N →∞
e

(23a)

e
Pk|k = ( I − K H ) Pk|k−1
( I − K H )T + K Re K T . (23b)

Thus, we have shown that, by iteratively assimilating an
ensemble of 3DVar problems with both perturbed background
states and perturbed measurements, we are able to compute
both the analysis mean and covariance. This algorithm is both
tractable for high dimensional systems (in the sense that it is
vector-based) and very easily parallelized (in the sense that
each individual problem can be solved independently).
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B. Ensemble 4D Variational Assimilation (En4DVar)

Given a time history of measurements yk | tk ∈ ( 0, T ] ,
as with the En3DVar case, we will represent our estimate
statistics with a finite ensemble of N members such that the
sample mean and sample covariance are consistent (in the limit
as N → ∞) with the (assumed) known background mean
and covariance at the left edge of the time window t0 . We
can then define an analogous En4DVar cost function over the
window, for the j th ensemble member, that balances the misfit
between a set of perturbed observations and the deviation from
a perturbed background initial condition as follows:
1 j
e −1
(u − x̂j0|0 )T (P0|0
) (uj − x̂j0|0 )
2
K
1 X j
(dk − H x̃jk )T R−1 (djk − H x̃jk ).
+
2

Jj (uj ) =

(24)

k=1

Muck like traditional 4DVar, each ensemble member is constrained over the window by the model, and the control
variable uj serves as the initial condition for its trajectory.
dx̃j (t)
= f (x̃j (t), 0),
dt
x̃j0 = uj .

(25a)
(25b)

Each initial ensemble member x̂j0|0 acts as its own perturbed
background, and each ensemble member
 is assimilated with
its own set of perturbed measurements djk = yk + vkj | tk ∈
( 0, T ] .
The total cost function J is given as the sum of the
component cost functions for each ensemble member. Because
the component cost functions are only coupled through the
specified (and fixed) background ensemble members x̂j0|0 and
e
, each Jj
the covariance matrix which they approximate, P0|0
can be minimized independently, creating an embarrassingly
parallel optimization problem. Similar to traditional 4DVar,
each cost function is minimized by finding the local gradient
and using a suitable descent algorithm. Finding the gradient of
(24) requires the use of an appropriately-defined adjoint field.
The derivation parallels that of standard 4DVar (as illustrated
in the Appendix), and gives the j th gradient as:
e −1
∇Jj (uj ) = (P0|0
) ( uj − x̂j0|0 ) − rj0 ,

(26)

where rj0 is the initial condition of the j th adjoint field found
via a background march from tK to t0 of the adjoint equations.
Thus each iteration of En4DVar requires a forward march of
the ensemble through the optimization window followed by
a backward march of an ensemble of adjoints to find each
component gradient. The decoupled nature of these marches
is what facilitates the efficient parallel global solution.
Due to the fact that En4DVar accounts for all observations
within the assimilation window, it is, by nature, a smoother.
Upon completion of the minimization, we are provided with a
new ensemble of points x̂j0|K , conditioned on these measurements. From this ensemble, statistical measures such as the
sample mean and covariance can be extracted.
Theorem 2 (Equivalence of En4DVar to the Kalman Smoother):
In the limit of an infinite number of ensemble members (i.e.
N → ∞) and under the assumptions of linear dynamics

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. ?, NO. ?, JANUARY 20??

and Gaussian noise and disturbances, the En4DVar problem
defined above converges to the equivalent Kalman smoother
solution.
Proof: The proof is straightforward and follows directly
from that of Theorem 1, however, due to the addition of the
time dynamics, it tends to become notationally cumbersome.
In the interest of brevity, we have elected to omit it here.
IV. H YBRID E NSEMBLE S MOOTHER (HE N S)
As was initially illustrated in Figure 1, we have identified
two families of ensemble-based assimilation methods: the
ensemble variational methods (consisting of En3DVar and
En4DVar) and the ensemble Kalman methods (consisting of
the EnKF and the EnKS). In theory, both families address the
same problem. Further, as we have shown in the simplified
case with linear dynamics and Gaussian uncertainties, they
converge to the same solution. However, when the system is
highly nonlinear, all bets on optimality of the solutions are
off, and we do not necessarily expect each method to provide
identical solutions.
In the case of nonlinear systems, one might thus wonder
which method typically provides the best answer. The best
answer, however, may in fact not come from one individual
method, but rather from a consistent hybrid of both methods.
This is the idea behind the development of the Hybrid Ensemble Smoother (HEnS), which is a consistent hybrid between
the two smoothers, En4DVar and EnKS.
A key motivation for HEnS is the iterative nature of the
En4DVar method. Once the component cost functions (24) are
defined appropriately using the known background ensemble,
any initial condition uj can be used to begin the gradientbased minimization. Typically, the best guess we have at the
start of an iteration is the background itself (i.e., uj = x̂j0|0 ),
because no other information is known. However, if we were
to first run the EnKS through the entire window ( 0, T ], we
would develop an intermediate smoothed estimate x̂j0|K . That
is, the output of the EnKS at the left edge of the window
is the best estimate at that time, given all measurements in
the optimization window as determined by the EnKS framework. Again, under the appropriate assumptions, this smoothed
estimate would be optimal, but, due to the nonlinear nature
of the system and the necessarily finite ensemble size, the
EnKS typically finds a suboptimal solution to the smoothing
problem. Consequently, this intermediate smoothed estimate
can then be used as the initial condition for the specified
En4DVar minimization problem in lieu of the background
state. If there is any more information to be extracted from
the observations, this iterative minimization will attempt to do
just that.
Theorem 3 (Consistency of HEnS): In the limit of an infinite number of ensemble members (i.e. N → ∞), and under
the assumptions of linear dynamics and Gaussian noise and
disturbances, the HEnS formulation described above converges
to both the Kalman smoother solution and the equivalent
En4DVar solution.
Proof: Under the above assumptions, the En4DVar cost
function is convex, and thus contains only one minimum. Provided the cost function is defined appropriately, the En4DVar
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iteration will converge to this global minimum, regardless of
initial condition–even if the output from the EnKS is used
to initialize the minimization, as done with HEnS. Therefore,
HEnS will converge to the same solution as En4DVar under
the assumptions stated. The proof of the equivalence to the
Kalman smoother then follows immediately from Theorem 2.
An important consequence of Theorem 3 is that the HEnS
framework will do no worse than the EnKS solution alone.
In summary, HEnS is a consistent hybrid of both EnKS
and En4DVar. Essentially, HEnS uses a (typically) suboptimal
smoothed estimate from the EnKS to initialize an En4DVar
minimization. Because the output from the EnKS is much
closer to the expected minimum than the original background
estimate, the En4DVar iteration is less likely to converge to
spurious local minima, far from the optimal estimate, and
thus produces more a more accurate estimate than either
smoother would by itself. HEnS can be implemented in three
straightforward steps:

1) Given a set of measurements y1 , · · · , yK on the
window ( 0, T ] and a background ensemble x̂j0|0 at the
left edge of the window, define the appropriate En4DVar
component cost functions.
2) March a fixed-point EnKS through the window, smoothing the estimate at the left edge of the window to
produce an intermediate smoothed estimate x̂j0|K conditioned on all observations in the window.
3) Use the intermediate smoothed estimate output from the
EnKS as the initial condition uj for an En4DVar minimization over the same window, using the previouslydefined component cost functions. This will potentially
provide a better smoothed estimate over the entire window for the full nonlinear system.
As with any assimilation strategy, the output of HEnS from a
previous window can be used as the background estimate for
a subsequent window, cycling the algorithm.
A. Advantages in forecasting
In data assimilation applications that involve forecasting, the
most important estimate is always the most recent one. This
is, of course, the estimate that is used as an initial condition
for any open-loop forecast (into the future).
In the linear setting, the most recent filtered estimate is
identical to the most recent smoothed estimate because they
have both been conditioned on the same set of measurements
(which are all necessarily in the past). It is for this reason
alone that smoothers have been largely ignored by the operational weather forecasting community. Up until now, their
computational expense has not been justified by providing an
improved estimate upon which a forecast could be made.
Although this conclusion is certainly true in the linear world,
much information is to be gained, even at the most recent time,
by revisiting old measurements in light of new data. Even in
the EnKF setting, the suboptimal updates made at any given
time are a function of the ensemble member trajectories used.
If those trajectories were improved (say, through the use of a
smoother), then it might be possible to perform more accurate
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updates, which in turn would increase the accuracy of the
estimate at a future time.
Unfortunately, the formulation of the EnKS does not leverage this idea, and (in the limit of an infinite ensemble size)
returns exactly the same estimate at the right edge of the
window. HEnS, however, is not so constrained. By improving
the smoothed estimate initial condition at the left edge of
the window, HEnS also improves the estimate throughout the
window, and specifically reduces the error in the most recent
estimate, providing a more accurate long-term forecast.
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B. Hybrid Ensemble Filter (HEnF)
It is worth noting that, in a manner analogous to the
hybridization of the two smoothers (En4DVar and the EnKS),
a hybrid filter can be defined by combining En3DVar and the
EnKF. The resulting algorithm, appropriately dubbed HEnF,
would use the EnKF to precondition an En3DVar iteration.
That is, at a given measurement time, the EnKF update
would be used as an initial condition for the subsequent
En3DVar minimization. However, because neither filter update
necessarily takes into account the dynamics of the system, it
is not apparent to the authors that such additional computation
would provide a better solution. As a result, we have neglected
to highlight the HEnF in this discussion.

The two primary new ideas described in this paper, En4DVar
and HEnS, are now compared, via computational experiments,
to both EnKF and EnKS. We have already shown analytically
that, in the linear setting, all four methods provide consistent
solutions; however, in a nonlinear setting with significant
uncertainties, these different approaches provide substantially
different results.
The Lorenz equation (see [50]) is used here as a simple
model of a nonlinear system with self-sustained chaotic unsteadiness8 in order to perform this comparison. The Lorenz
equation is a system of three coupled, nonlinear ordinary
differential equations given by:


σ (x2 − x1 )
dx(t) 
,
−x2 − x1 x3
=
(27)
dt
−βx3 + x1 x2 − βφ
where σ, β, and φ are tunable parameters. Solutions of these
equations approach a well-defined manifold or attractor of
dimension slightly higher than two. Perturbed trajectories
converge exponentially back onto the attractor, while adjacent
trajectories diverge exponentially within the attractor, creating
the familiar chaotic motion in the Lorenz system. Note that,
for convenience, the system equations of (27) are transformed
slightly from the traditional form such that the attractor is
approximately centered at the origin.
In this comparison, we quantify the time-averaged statistics
of the four assimilation methods under consideration. That is,
we run a very large number of trials and calculate both the
average error of the estimate as well as the average energy of
8 That is, the system considered maintains its nonperiodic, finite, bounded
unsteady motion with no externally-applied stochastic forcing.
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Fig. 3.
A typical run for the Lorenz test problem. On the left, each
assimilation method is compared to the truth trajectory and the very noisy
measurements taken of x2 . From this, the estimate error (top-right) and
error energy (bottom-right) are calculated. Note that the EnKF and EnKS
are not necessarily equivalent at the right edge of the window due to the
finite ensemble size.

the estimation error (a.k.a. the variance) over all of these trials.
A typical run simulates a truth trajectory over a fixed window,
taking noisy measurements at set intervals; then, each method
(EnKF, EnKS, En4DVar, and HEnS) is used on the resulting
data set, initialized with its own independent background.
Appealing to the ergodicic nature of the Lorenz system, the
output at the right edge of the window for each method (and
the truth model) is then used as the input for the next run
on the subsequent time window. Consequently, a series of
assimilation windows are evaluated on various intervals all
over the attractor. The statistics of this process are then used
to calculate the expected performance characteristics on this
nonlinear chaotic system.
For the results shown, the model parameters used are σ = 4,
β = 1, and φ = 48. Only the second state x2 is measured,
and the measurement noise variance used R = 5 (which,
as seen in Figure 3, is quite substantial). The assimilation
window has width T = 0.5, and five observations are taken (at
intervals of ∆t = 0.1) centered in this window. The starting
conditions for the truth and estimate ensemble backgrounds are
not significant, as the converged statistics are not a function
of the starting point used in the simulation. The nonlinear
model is assumed to be perfect (that is, Q = 0), and thus any
ensemble forecasting would be done with a simple evolution of
the unforced equations from the most recent state estimate. All
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Fig. 4. This is the converged error plot for the Lorenz test case on EnKF,
EnKS, En4DVar, and HEnS. At the left edge of the window, we see that
En4DVar decreases the error from the background, but convergence to local
minima prevents it from competing with EnKS and HEnS. By initializing
an En4DVar minimization with the output from the EnKS, we can see that,
statistically, HEnS reduces the error by an additional 50%.
Average Variance
EnKF
EnKS
En4DVar
HEnS

1

10

0

10

0

0.05

0.1

0.15

0.2

0.25

12

0.3

0.35

0.4

0.45

0.5

Fig. 5. This is the converged variance plot for the experimental Lorenz
test case on EnKF, EnKS, En4DVar, and HEnS. The trace of the covariance
matrix for each method is plotted as a function of time (averaged over
several runs). En4DVar on its own does not perform as well as the other
methods. However, when En4DVar is combined with EnKS to make HEnS,
a substantially improved time-averaged performance is realized.

of the cases were run with N = 300 ensemble members, but
similar results were found with significantly fewer ensemble
members. A typical run is shown in Figure 3.
Statistical steady state was achieved via several weeks
of statistical averaging with an efficient yet single-threaded
implementation of the HEnS algorithm on a modern desktop
computer (3 GHz Core Duo). The converged statistics are
illustrated in Figures 4 and 5. One can see immediately that,
on average, HEnS significantly outperforms the other three
methods considered in terms of both accuracy (lower error)
and precision (lower variance).

A new, hybrid method (dubbed the Hybrid Ensemble Smoother, or HEnS) for state estimation in nonlinear chaotic systems
has been proposed. This new method is based on a new
variational formulation of the ensemble smoother, dubbed
En4DVar, initialized using the (traditional, non-variational)
formulation of the ensemble Kalman smoother (EnKS). The
methods introduced in this work are proven to be consistent,
meaning that they all reduce to the Kalman filter under the
appropriate simplifying assumptions (that is, linear system,
Gaussian state disturbances and measurement noise, and a
sufficiently large number of ensemble members). Finally, the
new HEnS algorithm has been shown, on average, to significantly outperform the leading scalable existing methods in a
representative estimation problem related to a model nonlinear
chaotic system. [Note that application of the HEnS method
to more complex models is currently ongoing, and will be
reported in future work.]
The reason for this remarkable success is that HEnS provides an effective mechanism for revisiting past measurements
in light of new data, leveraging a smoother effectively to
reinterpret past measurements based upon a more refined
past state estimate, and thereby improving significantly the
present state estimate. In essence, HEnS combines the powerful retrospective analysis of a variational method with the
effective synthesis of the principal directions of uncertainty,
as summarized by an ensemble-based method. An important
ingredient to the method’s operational effectiveness is the
initialization of the variational analysis with the solution from
a EnKS computation, which is far better than initializing this
variational analysis simply with an EnKF computation based
on older measurements.
Note finally that the HEnS method is based solely on
variational and ensemble Kalman components that are already
used heavily for operational weather forecasting, and are
applied routinely, in real time, to systems with state dimension
larger than 107 . Thus, HEnS naturally inherits this effective
scalability to very large scale chaotic systems, and holds
significant promise to improve the accuracy of such practical
estimation and forecasting efforts.
A PPENDIX
M IXED D ISCRETE /C ONTINUOUS A DJOINT D ERIVATION
The full derivation of the gradient ∇J(u) is included here
due to the unusual setting considered (that is, of a continuoustime system with discrete-time measurements). Perturbing the
nonlinear model equations (1a) and linearizing about x̃(t)
gives:

dx̃0 (t)
= A x̃(t) x̃0 (t) with x̃0−K = u0
dt

d
⇒ L x̃0 = 0 where L =
− A x̃(t) .
dt
Similarly, the perturbed cost function is:
−1 0
J 0 (u0 ) =(u − x̄0|0 )T P0|0
u −

K
X
k=1

(yk − H x̃k )T R−1 H x̃0k .

(28)
(29)

(30)
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The perturbed cost function (30) is not quite in the form
necessary to extract the gradient, as illustrated in (14). However, there is an implicitly-defined linear relationship between
u0 and x̃0 (t) on t ∈ ( 0, T ] given by (28). To re-express this
relationship, a set of K adjoint functions r(k) (t) are defined
over the measurement intervals such that, for all k ∈ [ 1 , K ],
the adjoint
function
r(k) (t) is defined on the closed interval


t ∈ tk−1 , tk . These adjoint functions will be used to
identify the gradient. Towards this end, a suitable duality
pairing is defined here as:
Z t
k
(k)
0
(r(k) )T x̃0 dt.
(31)
h r , x̃ i =
tk−1

Then, the necessary adjoint identity is given by
h r(k) , L x̃0 i = h L∗ r(k) , x̃0 i + b(k) .

(32a)

Using the definition of the operator L given by (29) and the
appropriate integration by parts, it is easily shown that
T
dr(k) (t)
− A x̃(t) r(k) (t),
dt
= (r(k)
)T x̃0k − (r(k)
)T x̃0k−1 .
k
k−1

L∗ r(k) = −

(32b)

(k)

(32c)

b

Returning to the perturbed cost function, (30) can be rewritten
as:
−1 0
J 0 (u0 ) =( u − x̄0|0 )T P0|0
u − JK0

−

K−1
X

( yk − H x̃k )T R−1 H x̃0k ,

(33a)

k=1


T
JK0 = H T R−1 ( yK − H x̃K ) x̃0K .

(33b)
(K)

Looking at the adjoint defined over the last interval, r
the following criteria is enforced:
L∗ r(K) = 0

⇒

h L∗ r(K) , x̃0 i = 0,

r(K)
= H T R−1 ( yK − H x̃K ).
K

(t),

(34a)
(34b)

Substituting (29) and (34a) into (32a) for k = K gives:
b(K) = 0
⇒ (r(K)
)T x̃0K − (r(K)
)T x̃0K−1 = 0,
K
K−1

T
⇒ H T R−1 (yK − H x̃K ) x̃0K = (r(K)
)T x̃0K−1 , (35)
K−1
which allows us to re-express JK0 in (33b) as
JK0 = (r(K)
)T x̃0K−1 .
K−1

(36)

Note that (34a) and (34b) give the full evolution equation and
terminal condition for the adjoint r(K) defined on the interval
t ∈ [ tK−1 , tK ]. Hence, a backward march over this interval
will lead to the term r(K)
contained in (36).
K−1
The perturbed cost function (33a) can now be rewritten such
that
0

0

T

−1

0

0

J (u ) =( u − x̄0|0 ) P0|0 u − JK−1
−

K−2
X

( yk − H x̃k )T R−1 H x̃0k ,

(37a)

k=1
0
⇒ JK−1


T 0
= H T R−1 ( yK−1 − H x̃K−1 ) + r(K)
x̃K−1 .
K−1
(37b)
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Enforcing the following conditions [cf. (34)] for the adjoint
on this interval, r(K−1) (t),
L∗ r(K−1) = 0,
(K−1)

rK−1

(38a)
T

=H R

−1

(K)

(yK−1 − H x̃K−1 ) + rK−1 ,

(38b)

it can be shown via a derivation similar to (35) that
0
(K−1) T
JK−1
= (rK−2
) x̃0K−2 ,

(39)

which is of identical form as (36). Thus, it follows that each
of the adjoints can be defined in such a way as to collapse
the sum in the perturbed cost function (30) as above, until the
last adjoint equation r(1) reduces the perturbed cost function
to the following:
−1 0
J 0 (u0 ) =( u − x̄0|0 )T P0|0
u − (r(1)
)T x̃00
0

(40)

with the adjoints over the K intervals being defined as:
T
dr(K) (t)
= −A x̃(t) r(K) (t), where
dt
r(K)
= 0 + H T R−1 ( yK − H x̃K ),
K
T
dr(K−1) (t)
= −A x̃(t) r(K−1) (t), where
dt
r(K−1)
= r(K)
+ H T R−1 ( yK−1 − H x̃K−1 ),
K−1
K−1
..
.
(1)
T
dr (t)
= −A x̃(t) r(1) (t), where
dt
r(1)
= r(2)
+ H T R−1 ( y1 − H x̃1 ).
(41)
1
1
Upon further examination, the system of adjoints (41) all
have the same form. Each backward-marching adjoint variable
r(k) is endowed with a terminal condition that is the initial
condition of the previous adjoint march r(k+1) plus a correction due to the discrete measurement yk at the measurement
time tk . Thus, the total adjoint march can be thought of as
one continuous-time march of a single adjoint variable r(t)
backward over the window [ t0 , tK ], with discrete “jumps” in
r at each measurement time tk . That is, (41) can be rewritten
as:
T
dr(t)
= −A x̃(t) r(t),
(42a)
dt
which is marched backward over the entire interval t ∈
[ t0 , tK ] with rK = 0. At the measurement times (tk for
k ∈ M ) the adjoint is updated such that
rk ← rk + H T R−1 ( yk − H x̃k ).

(42b)

Then, this definition of the adjoint can be substituted into (40)
to give:
−1 0
J 0 (u0 ) = ( u − x̄0|0 )T P0|0
u − rT0 x̃00 ,

T
0
0
−1
⇒ J (u ) = P0|0 ( u − x̄0|0 ) − r0 u0 ,

(43)
(44)

where (44) is found by noting that x̃0−K = u0 . Then finally,
from (14) and (44), the gradient sought may be written as:
−1
∇J(u) = P0|0
( u − x̄0|0 ) − r0 .

(45)
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The resulting gradient9 can then be used iteratively to update
the current estimate via a suitable minimization algorithm
(steepest descent, conjugate gradient, limited-memory BFGS,
etc.).
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